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On rotationally symmetric Ka¨hler-Ricci solitons
Chi Li
ABSTRACT: In this note, using Calabi’s method, we construct rotationally symmetric Ka¨hler-
Ricci solitons on the total space of direct sum of fixed hermitian line bundle and its projective
compactification, where the curvature of hermitian line bundle is Ka¨hler-Einstein. These
examples generalize the construction of Koiso, Cao and Feldman-Ilmanen-Knopf.
1 A little motivation
In [1], the authors constructed some examples of gradient Ka¨hler-Ricci soliton. Among them is
the shrinking soliton on the Bl0C
m. They also glue this to an expanding soliton on Cm to extend
the Ricci flow across singular time.
Recently, La Nave and Tian [7] studied the formation of singularity along Ka¨hler-Ricci flow by
symplectic quotient. The idea is explained by the following example.
Let C∗ act on Cm+n by
t · (x1, · · · , xm, y1, · · · , yn) = (t x1, · · · , t xm, t−1 y1, · · · , t−1 yn)
S1 ⊂ C∗ preserves the standard Ka¨hler structure on Cm+n:
ω =
√−1(
m∑
i=1
dxi ∧ dx¯i +
n∑
α=1
dyα ∧ dy¯α)
Let z = (x, y) = (x1, · · · , xm, y1, · · · , yn). The momentum map of this Hamiltonian action is
m(z) =
m∑
i=1
|xi|2 −
n∑
α=1
|yα|2 = |x|2 − |y|2
The topology of symplectic quotient Xa = m
−1(a)/S1 changes as a across 0.
Let OPN (−1) be the tautological line bundle on the complex projective space PN . We will use
YN,R to represent the total space of holomorphic vector bundle (OPN (−1)⊕R → PN ).
1. (a>0) ∀z = (x, y) ∈ Xa, m(z) = |x|2 − |y|2 = a > 0, so x 6= 0.
Xa ≃ Ym−1,n ≃ {Cm+n − {x = 0}}/C∗. The isomorphism is given by
(x1, · · · , xm, y1, · · · , yn) 7→ ([x1, · · · , xm], y1 · x, · · · , yn · x)
There is an induced Ka¨hler metric on Xa. Choose a coordinate chart u1 =
x2
x1
, · · · , um−1 =
xm
x1
, ξ1 = x1y1, · · · , ξn = x1yn. The C∗ action is then trivialized to: (x1, u, ξ) 7→ (tx1, u, ξ).
The Ka¨hler potential can be obtained by some Legendre transformation (see [2]). Specifically,
the potential for the standard flat Ka¨hler metric on {Cm+n − {x = 0}} is
φ = |x|2 + |y|2 = |x1|2(1 + |u|2) + |ξ|
2
|x1|2 = e
r1(1 + |u|2) + e−r1 |ξ|2
1
BlPm−1Ym−1,n = BlPn−1Yn−1,m
Ym−1,n Yn−1,m
C(Pm−1 × Pn−1)
where r1 = log |x1|2. φ is a convex function of r1. a = ∂φ∂r1 is the momentum map of the S1
action. In the induced coordinate chart (u, ξ), the Ka¨hler potential of the induced metric on
the symplectic quotient is the Legendre transform of φ with respect to r1:
Φa = a log(1+ |u|2)+
√
a2 + 4(1 + |u|2)|ξ|2−a log(a+
√
a2 + 4(1 + |u|2|)|ξ|2)+(log 2) a (1)
2. (a<0) By symmetry, Xa ≃ Yn−1,m ≃ {Cm+n − {y = 0}}/C∗. Choose a coordinate chart
v1 =
y2
y1
, · · · , vn−1 = yny1 , η1 = y1x1, · · · , ηm = y1xm. The Ka¨hler potential has the same
expression as (1) but replacing a by −a, u by v, and ξ by η.
3. (a=0) Xa ∼= affine cone over the Segre embedding of Pm−1 × Pn−1 →֒ Pmn−1:
(x1, · · · , xm, y1, · · · , yn) 7→ {xiyα}
Away from the vertex of the affine cone, choose a coordinate chart: u1 =
x2
x1
, · · · , um−1 =
xm
x1
, v1 =
y2
y1
, · · · , vn−1 = yny1 , ζ = x1y1. The Ka¨hler potential is given by
Φ0 = 2
√
(1 + |u|2)(1 + |v|2)|ζ|2
Note that Φ0 is obtained from Φa by coordinate change ξ1 = ζ, ξ2 = v1ζ, · · · , ξn = vn−1ζ,
and let a tend to 0.
This is a simple example of flip when m 6= n, or flop when m = n, in the setting of symplectic
geometry. X<0 is obtained from X>0 by first blowing up the zero section P
m−1, and then blowing
down the exceptional divisor E ∼= Pm−1 × Pn−1 to Pn−1. Note that when n = 1, this process is
just blow-down of exceptional divisor in Bl0C
m.
One hopes to have a Ka¨hler metric on a larger manifold M such that induced Ka¨hler metrics
on symplectic quotient would satisfy the Ka¨hler-Ricci flow equation as the image of momentum
varies. See [7] for details.
Our goal to construct a Ka¨hler-Ricci soliton on Y = Ym−1,n and its projective compactification,
and this generalizes constructions of [6], [5] [1]. The construction follows these previous construc-
tions closely, but we need to modify them to fit our setting. The higher dimensional analogs
have the new phenomenon of contracting higher codimension subvariety to highly singular point.
To continue the flow, surgery are needed. The surgeries in these cases should be the naturally
appearing flips.
The organization of this note is as follows. In section 2, we put the construction in a more
general setting where the base manifold is Ka¨hler-Einstein, and state the main results: Theorem
2.1 and Theorem 2.2. In section 3, by the rotational symmetry, we reduce the Ka¨hler-Ricci soliton
equation to an ODE. In section 4, we analyze the condition in order for the general solution of
the ODE to give a smooth Ka¨hler metric near zero section. In section 5.1, we get the condition
for the metric to be complete near infinity. In section 5.2, we prove theorem 2.1, i.e. construct
2
Ka¨hler-Ricci solitons in the noncompact complete Ka¨hler manifold and study its behavior as time
approaches the singular time. Finally in section 6, we prove theorem 2.2 by constructing the
compact shrinking soliton on projective compactification.
The author thanks: Professor Gang Tian for constant encouragement; Professor Jian Song and
Yuan Yuan for helpful discussions; Professor Xiaohua Zhu for suggesting the author to study the
compact shrinking case; Zhou Zhang for his interest in these examples. He is particularly grateful
to Professor Jian Song for many insightful suggestions and great encouragement.
2 General setup and the result
Let M be a Ka¨hler manifold of dimension d. Ka¨hler-Ricci soliton on M is a Ka¨hler metric ω
satisfying the equation
Ric(ω) = λω + LV ω (2)
where V is a holomorphic vector field. The Ka¨hler-Ricci soliton is called gradient if V = ∇f for
some potential function f . If σ(t) is the 1-parameter family of automorphisms generated by V ,
then
ω(t) = (1− λt)σ
(
− 1
λ
log(1− λt)
)∗
ω (3)
is a solution of Ka¨hler-Ricci flow equation:
∂ω(t)
∂t
= −Ric(ω(t))
We will construct gradient Ka¨hler-Ricci solitons on the total space of special vector bundle L⊕n →
M and its projective compactification P(C⊕L⊕n) = P(L−1 ⊕C⊕n). Here M is a Ka¨hler-Einstein
manifold:
Ric(ωM ) = τωM
L has an Hermitian metric h, such that
c1(L, h) = −
√−1∂∂¯ log h = −ǫωM
In the following, we always consider the case ǫ ≥ 0.
We consider the Ka¨hler metric of the form considered by Calabi [3]:
ω = π∗ωM + ∂∂¯P (s) (4)
Here s is the norm square of vectors in L. Under local trivialization of holomorphic local section
eL,
s(ξeL) = a(z)|ξ|2, ξ = (ξ1, · · · , ξn)
P is a smooth function of s we are seeking for.
Using the form (4), we can determine λ immediately. Let M be the zero section. By adjoint
formula,
−KY |M = −KM + ∧nNM |M = −KM + nL
Note that ω|M = ωM , so by restricting both sides of (2) to M , and then taking cohomology, we
see that
τ [ωM ]− nǫ[ωM ] = c1(Y )|M = λ[ωM ] (5)
So λ = τ − nǫ.
Remark 1. If we rescale the Ka¨hler-Einstein metric: ωM → κωM , then τ → τ/κ, ǫ → ǫ/κ,
λ→ λ/κ.
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The main theorem is
Theorem 2.1. On the total space of L⊕n, there exist rotationally symmetric solitons of types
depending on the sign of λ = τ − nǫ. If λ > 0, there exists a unique shrinking soliton. If λ = 0,
there exists a family of steady solitons. If λ < 0, there exists a family of expanding solitons. (The
solitons are rotationally symmetric in the sense that it’s of the form of (4))
Remark 2. If we take M = Pm−1, L = O(−1), ωM = ωFS, then τ = m, ǫ = 1. Then we get
to the situation in section 1. So depending on the sign of λ = m − n, there exist either a unique
rotationally symmetric shrinking KR soliton when m > n, or a family of rotationally symmetric
steady KR solitons when m=n, or a family of rotationally symmetric expanding KR solitons when
m < n.
We also have the compact shrinking soliton:
Theorem 2.2. Using the above notation, assume λ = τ −nǫ > 0, then on the space P(C⊕L⊕n) =
P(L−1 ⊕ C⊕n), there exists a unique shrinking Ka¨hler-Ricci soliton.
3 Reduction to ODE
The construction of solitons is straightforward by reducing the soliton equation to an ODE.
First, in local coordinates, (4) is expressed as
ω = (1 + ǫPss)ωM + a(Psδαβ + Pssaξαξ
β)∇ξα ∧ ∇ξβ (6)
Here
∇ξα = dξα + a−1∂a ξα
Note that {dzi,∇ξα} are dual to the basis consisting of horizontal and vertical vectors:
∇zi =
∂
∂zi
− a−1 ∂a
∂zi
∑
α
ξα
∂
∂ξα
,
∂
∂ξα
ω is positive if and only if
1 + ǫPss > 0, Ps > 0, and Ps + Psss > 0 (7)
ωd+n = (1 + ǫPss)
dωdMa
nPn−1s (Ps + Psss)
n∏
α=1
dξα ∧ dξ¯α
Since we assume Ric(ωM ) = τωM = (λ+ nǫ)ωM ,
∂∂¯ log detωd+n + λ(ωM + ∂∂¯P ) = ∂∂¯ [d · log(1 + ǫPss) + (n− 1) logPs + log((Pss)s) + (τ − nǫ)P ]
Let r = log s, then ∂r = s∂s. Define
Q := d · log(1 + ǫPss) + (n− 1) logPs + log((Pss)s) + (τ − nǫ)P
= d · log(1 + ǫPr) + (n− 1) logPr + logPrr − nr + (τ − nǫ)P (8)
To construct a gradient Ka¨hler-Ricci soliton (2), it is sufficient to require that Q(t) is a potential
function for the holomorphic vector field −V . Notice that, for the radial holomorphic vector field:
Vrad =
n∑
α=1
ξα
∂
∂ξα
(9)
4
iVradω = (Ps + Psss)a
∑
β
ξβ∇ξβ = (Pss)s∂¯s
Now
−iV ω = ∂¯Q(s) = Qs∂¯s = Qs
(Pss)s
iVradω
which means −V = Qs(Pss)s Vrad, so
Qs
(Pss)s
is a holomorphic function. Since s = a(z)|ξ|2 is not
holomorphic, Qs(Pss)s has to be a constant µ. We assume µ 6= 0, since V 6= 0. So we get the
equation: Qs = µ(Pss)s. Multiplying by s on both sides, this is equivalent to
Qr = µPrr (10)
Remark 3. Note that, if µ = 0, then we go back to Calabi’s construction of Ka¨hler-Einstein
metrics in [3].
Define φ(r) = Pr(r) and substitute (8) into (10), then we get
d
ǫφr
1 + ǫφ
+ (n− 1)φr
φ
+
φrr
φr
+ (τ − nǫ)φ− n = µφr (11)
Since φr = Prr = (Pss)ss = (Ps + Psss)s > 0 by (7), we can solve r as a function of φ: r = r(φ).
Define F (φ) = φr(r(φ)), then F
′(φ) = φrrr′(φ) = φrrφr . So the above equation change into an ODE
F ′(φ) + d
ǫF (φ)
1 + ǫφ
+ (n− 1)F (φ)
φ
− µF (φ) = n− (τ − nǫ)φ = n(1 + ǫφ)− τφ (∗)
Remark 4. We will explain how this equation is related to the ODE in [1],(25). In our notation,
in [1], M = Pd, L = OPd(−k), n = 1. For the shrinking soliton case, d + 1 − k > 0, ωM =
(d+ 1− k)ωFS, τ = d+1d+1−k , ǫ = kd+1−k , λ = τ − ǫ = 1. Let r = kr˜, P (r) = P˜ (r˜)− (d+ 1− k)r˜ =
P˜ ( r
k
) − d+1−k
k
r, φ(r) = Pr(r) = P˜r˜(r˜)
1
k
− d+1−k
k
= 1
k
(φ˜(r˜) − (d + 1 − k)), F (φ) = φr(r(φ)) =
1
k2
φ˜r˜(r˜(φ˜)) =
1
k2
F˜ (φ˜), F ′φ(φ) =
1
k
F˜ ′
φ˜
(φ˜). Substitute these expressions into (∗), then we get the
ODE
F˜ ′
φ˜
+
(
d
φ˜
− µ
k
)
F˜ − ((d+ 1)− φ˜) = 0
So we see this is exactly the ODE in [1], (25). The expanding soliton case is the similar.
We can solve (∗) by multiplying the integral factor: (1 + ǫφ)dφn−1e−µφ:
φr = F (φ) = ν(1 + ǫφ)
−dφ1−neµφ − (1 + ǫφ)−dφ1−neµφ
∫
h(φ)e−µφdφ (12)
where
h(φ) = τ(1 + ǫφ)dφn − n(1 + ǫφ)d+1φn−1 (13)
is a polynomial of φ with degree d+ n. Note the identity:
∫
h(φ)e−µφdφ = −
+∞∑
k=0
1
µk+1
h(k)(φ)e−µφ
Since h(φ) is a polynomial of degree d+n, the above sum is a finite sum. So
F (φ) = (1 + ǫφ)−dφ1−n
(
νeµφ +
d+n∑
k=0
1
µk+1
h(k)(φ)
)
(14)
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4 Boundary condition at zero section
Since limr→−∞ φ(r) = lims→0 Pss = 0, we have the boundary condition
lim
φ→0
F (φ) = lim
r→−∞
φr = lim
s→0
(Pss)ss = 0 (15)
So φn−1(1 + ǫφ)dF (φ) = O(φn). Now the l-th term of Taylor expansion of φn−1(1 + ǫφ)dF (φ) at
φ = 0 is
(φn−1(1 + ǫφ)dF (φ))(l)
∣∣∣
φ=0
= νµl +
+∞∑
k=0
1
µk+1
h(k+l)(0) = µl
(
ν +
d+n∑
k=l
1
µk+1
h(k)(0)
)
(16)
Note that by (13) h(k)(φ) = 0 for k > d + n, and h(k)(0) = 0 for k < n− 1. The vanishing of the
0-th(constant) term in expansion gives the equation:
ν +
d+n∑
k=n−1
1
µk+1
h(k)(0) = 0 (17)
Using relation (17) we see that, when l < n, (φn−1(1 + ǫφ)dF (φ))(l)
∣∣
φ=0
= 0, and
(φn−1(1 + ǫφ)dF (φ))(n)
∣∣∣
φ=0
= µn
(
ν +
d+n∑
k=n
1
µk+1
h(k)(0)
)
= −h(n−1)(0) = n! > 0
So we see that (15) and (17) are equivalent, and if they are satisfied,
φn−1(1 + ǫφ)dF (φ) = φn +O(φn+1), or F (φ) = φ+O(φ2)
So F (φ) > 0 for φ near 0.
We can rewrite the relation (17) more explicitly:
ν =
+∞∑
k=0
1
µk+1
[
n((1 + ǫφ)d+1φn−1)(k) − τ((1 + ǫφ)dφn)(k)
]∣∣∣∣∣
φ=0
=
d+n∑
k=n−1
1
µk+1
(
n
(
k
n− 1
)
(n− 1)! (d+ 1)!
(d+ n− k)! ǫ
k−n+1 − τ
(
k
n
)
n!
d!
(d+ n− k)! ǫ
k−n
)
=
d+n∑
k=n−1
Ck
1
µk+1
ǫk−n (18)
Here
Ck =
k!d!
(k − n+ 1)!(d+ n− k)! (nǫ(d+ 1)− τ(k − n+ 1)) (19)
Cn−1 = n!ǫ, Cd+n = −(d+ n)!(τ − nǫ)
So, when k starts from n − 1 to d + n, Ck change signs from positive to negative if and only if
λ = τ − nǫ > 0. We need the following simple lemma later.
Lemma 1. Let P (x) =
∑l
i=0 aix
i −∑Nj=l+1 ajxj be a polynomial function. Assume ai > 0 for
0 ≤ ai ≤ N . Then there exists a unique root for P (x) on [0,∞).
Proof. First P (0) = a0 > 0. Since aN < 0, when x is large enough P (x) < 0. So there exists at
least one root on [0,∞). Assume there are more than one root, than it’s easy to see that P ′(x)
has at least two roots on [0,∞). Note that P ′(x) has the same form as P (x), so P ′′(x) has at least
two roots on [0,∞). By induction, P (l)(x) has at least two roots on [0,∞), but P (l)(x) has only
negative coefficients, so it has no root at all. This contradiction proves the lemma.
6
5 Complete noncompact case
We prove theorem 2.1 in this section.
5.1 Condition at infinity
As φ→ +∞,
F (φ) = ν(1 + ǫφ)−dφ1−neµφ +
τ − nǫ
µ
φ+O(1) (20)
Let φ = b1 > 0 be the first positive root for F (φ) = 0, then F
′(b1) ≤ 0. By (∗), F ′(b1) =
n− (τ − nǫ)b1. So if λ = τ − nǫ ≤ 0, there exits no such b1. If λ = τ − nǫ > 0, we integrate (12)
to get
r = r(φ) =
∫ φ
φ0
1
F (u)
du+ r(φ0) (21)
then the metric is defined for −∞ < r < r(b1).
We can also calculate the length of radial curve extending to infinity. In a fixed fibre, the radial
vector
∂
∂r
=
1
2
|ξ| ∂
∂|ξ| =
1
2
n∑
α=1
ξα
∂
∂ξα
=
1
2
Vrad
∣∣∣∣ ∂∂r
∣∣∣∣
2
=
1
4
gω(Vrad, Vrad) = C(Pss+ Psss
2) = Cφr
The completeness implies that the length of the radial curve extending to infinity is infinity:
∫ r(b1)
−∞
√
φrdr =
∫ b1
0
√
φrφ
−1
r dφ =
∫ b1
0
φ
− 1
2
r dφ =
∫ b1
0
F (φ)−
1
2 dφ = +∞ (22)
If 0 < b1 < +∞,(22) means F (φ) = c(φ− b1)2 +O((φ − b1)3), i.e. F ′(b1) = F (b1) = 0.
But this can’t happen: b1 =
n
τ−nǫ , and c = −(τ − nǫ). First we have b1 > 0. Second, c ≥ 0
since F (φ) > 0 when φ < b1. But they contradict with each other.
In conclusion, there can’t be any finite value positive root for F (φ).
5.2 Existence and asymptotics
1. (λ = τ − nǫ > 0) The solution is a shrinking Ka¨hler-Ricci soliton. If µ < 0, then when φ
becomes large, the dominant term in F (φ)(20) is λ
µ
φ < 0, so there exists 0 < b < +∞ such
that F (b) = 0. But this is excluded by former discusions. So we must have µ > 0.
If ν < 0 the dominant term is νφ1−n(1 + ǫφ)−meµφ < 0, so there is 0 < b < +∞, such that
F (b) = 0. Again, this is impossible. If ν > 0, when φ becomes large, the dominant term is
νφ1−d−neµφ, ∫ +∞
φ0
F (s)−
1
2 ds ≤ C
∫ +∞
φ0
ν−
1
2φ
d+n−1
2 e−
µ
2
φdφ < +∞
This contradicts (22). So we must have ν = 0. This gives us an equation for µ via (18).
Since when λ = τ − nǫ > 0, Ck change signs exactly once, by lemma 1, there exists a unique
µ such that ν(µ) = 0 in (18).
We now verify this µ guarantees the positivity of φr. Since the dominant term in (20) is
λ
µ
φ > 0, F (φ)
φ→+∞−→ +∞. We have also F (φ) > 0 for φ near 0. If φ = b1 > 0 is the first root
and φ = b2 > 0 is the last root of F (φ), then b1 ≤ b2, and
F ′(b1) = −λb1 + n ≤ 0, F (b2) = −λb2 + n ≥ 0
7
So b1 ≥ nλ ≥ b2, this implies b1 = b2 and F ′(b1) = 0. We have ruled out this possibility
before. In conclusion, F (φ) > 0 for all φ > 0, or equivalently φr > 0 for all r.
Now in (20), φ = τ−nǫ
µ
φ+O(1) as φ→ +∞, so by (21), the maximum value of r defined for
the solution is
rmax =
∫ +∞
0
1
F (u)
du = +∞ (23)
So we already get the soliton on the whole manifold. In the following, we study the limit of
flow as time approaches singularity time.
Define p = λ
µ
= τ−nǫ
µ
,
r(φ) − r(φ0) =
∫ φ
φ0
du
F (u)
=
∫ φ
φ0
du
pu
+
∫ φ
φ0
pu− F (u)
puF (u)
ds =
1
p
(logφ− logφ0) +G(φ0, φ)
φ(r) = φ0e
−pr(φ0)e−G(φ0,φ)epr = φ0e−pr(φ0)e−G(φ0,φ(r))sp (24)
The holomorphic vector field −V2 = µ2
∑
α ξ
α ∂
∂ξα
generates the 1-parameter family of auto-
morphisms: σ(t˜) · (u, ξ) = (u, e t˜µ2 ξ). Let
t˜(t) = − 1
λ
log(1− λt) (25)
lim
t→ 1
λ
(1 − λt)σ(t˜)∗φ = φ0e−pr(φ0)e− limφ→+∞G(φ0,φ) lim
t→ 1
λ
(1− λt)((1 − λt)− µλ s)p
= φ0e
−pr(φ0)e−G(φ0,+∞)sp = D0sp
So
lim
t→ 1
λ
(1− λt)σ(t˜)∗φr = lim
t→ 1
λ
(1− λt)σ(t˜)∗F (φ) = pD0sp
(6) can be rewritten as
ω = (1 + ǫφ)π∗ωFS + (φ|ξ|−2δαβ + (φr − φ)|ξ|−4ξαξβ)∇ξα ∧ ∇ξβ (26)
lim
t→ 1
λ
(1− λt)σ(t˜)∗ω = D0
[
spǫωM + s
p(|ξ|−2δαβ + (p− 1)|ξ|−4ξαξβ)∇ξα ∧∇ξβ
]
= D0∂∂¯
(
1
p
sp
)
Remark 5. One sees that as t → 1
λ
, the flow shrinks the base (zero section of the vector
bundle). In the model case, M = Pm−1, L = O(−1), the flow contracts the manifold to the
affine cone of the Segre embedding Pm−1 × Pn−1 →֒ Pmn−1. This is the same phenomenon
as that appears for the symplectic quotients at the beginning of this note.
2. (λ = τ − nǫ = 0) the solution is a steady Ka¨hler-Ricci soliton.
F (φ) = ν(1 + ǫφ)−dφ1−neµφ − n(1 + ǫφ)−dφ1−n
d+n−1∑
k=0
1
µk+1
(
(1 + ǫφ)dφn−1
)(k)
If µ > 0, then v(µ) > 0 by (18). So the dominant term in (20) is ν(1 + ǫφ)−dφ1−neµφ, again
this would contradict (22).
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So µ < 0 and the dominant term in (14) is the constant term −n
µ
> 0. As φ→ +∞,
F (φ) = −n
µ
− n(d+ n− 1)
µ2
1
φ
+O
(
1
φ2
)
= c1 − c2 1
φ
+O
(
1
φ2
)
So by (21), rmax = +∞ and the soliton is defined on the whole manifold.
For the asymptotic behavior, let∫
du
c1 − c2u
=
1
c1
u+
c2
c21
log(c1u− c2) = R(u)
r(φ) − r(φ0) =
∫ φ
φ0
du
F (u)
=
∫ φ
φ0
du
c1 − c2u
+
∫ φ
φ0
(
1
F (u)
− 1
c1 − c2u
)
du
= R(φ)−R(φ0) +G(φ0, φ)
Since c1 > 0 and c2 > 0 (µ < 0, d > 0, n ≥ 1), R(u) is an increasing function for u≫ 0, and
has an inverse function denoted by R−1. Let G˜(r) = −G(φ0, φ(r)) + R(φ0) − r(φ0), then G˜
is a bounded smooth function of r. We have
φ(r) = R−1(r + G˜(r))
The condition (22) is always satisfied. There is a family of steady Ka¨hler-Ricci solitons.
Remark 6. If we let d = 0, then we get expanding solitons on Cn. (17) becomes νµn = n!.
The equation becomes
(|µ|φ)r = (−1)nn!(|µ|φ)1−ne−|µ|φ + n!
n−1∑
k=0
(−1)k
(n− 1− k)!(|µ|φ)k
In particular, if n = 1, the equation becomes
φr = F (φ) = νe
µφ − 1
µ
φ(r) = − 1
µ
log(µν + Cer) = − 1
µ
log(1 + C|z|2), φr = − C|z|
2
µ(1 + C|z|2)
ω =
φr
|z|2 dz ∧ dz¯ = −
Cdz ∧ dz¯
µ(1 + C|z|2)
w=
√
Cz
=
1
−µ
dw ∧ dw¯
1 + |w|2
This is cigar steady soliton.
3. (λ = τ − nǫ < 0) the solution is an expanding Ka¨hler-Ricci soliton. By similar argument, we
see that µ < 0. The situation is similar to the shrinking soliton case. Now t → 1
λ
< 0, or
equivalently t˜→ −∞ (25),
φ(r) = φ0e
−pr(φ0)e−G(φ0,φ(r))sp
lim
t→ 1
λ
(1− λt)σ(t˜)∗φr = lim
t→ 1
λ
(1− λt)σ(t˜)∗F (φ) = pD0sp
lim
t→ 1
λ
(1− λt)σ(t˜)∗ω = D0∂∂¯
(
1
p
sp
)
The condition (22) is always satisfied. So there is a family of expanding Ka¨hler-Ricci solitons.
Remark 7. One can apply the same argument in [1] to get the Gromov-Hausdorff convergence
and continuation of flow through singularity time.
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6 Compact shrinking soliton
We prove theorem 2.2 in this section. First we show the considered manifold is Fano. For some
results on Fano manifolds with a structure of projective space bundle, see [9].
Lemma 2. If λ = τ − nǫ > 0, then P(C⊕ L⊕n) is Fano.
Proof. Let E = C⊕ L⊕n and X = P(E). We have the formula for anti-canonical bundle:
K−1X = (n+ 1)O(1) + π∗(K−1M + L⊗n)
O(1) is the relative hyperplane bundle. Since c1(L−1) = ǫ[ωM ] ≥ 0, one can prove O(1) is nef
on X [8]. c1(K
−1
M + L
⊗n) = (τ − nǫ)[ωM ] > 0, so K−1M + L⊗n is an ample line bundle on M .
So O(1) and π∗(K−1M + L⊗n) are different rays of the cone of numerically effective divisors in
Pic(P(E)) = ZPic(M) + ZO(1). So K−1X is ample, i.e. X is Fano.
The construction of shrinking soliton was developed for the n=1 case, see [4], [6], [5], [1]. We
will give a simple direct argument under our setting. Note here we will use Tian-Zhu’s theory [11]
to get the uniqueness of Ka¨hler-Ricci soliton.
First we need to know the expression for the metric near infinity. By change of coordinate
[1, ξ1, ξ2, · · · , ξn] = [η, 1, u2, · · · , un]
So the coordinate change is given by
ξ1 =
1
η
, ξ2 =
u2
η
, · · · , ξn = un
η
⇐⇒ η = 1
ξ1
, u2 =
ξ2
ξ1
, · · · , un = ξn
ξ1
Since
ξ1
∂
∂ξ1
= −η ∂
∂η
−
n∑
i=2
uα
∂
∂uα
, ξα
∂
∂ξα
= uα
∂
∂uα
So the radial vector
∑n
i=α ξα
∂
∂ξα
= −η ∂
∂η
is a holomorphic vector field on P(C⊕ L⊕n). The dual
1-forms transform into
∇ξ1 = − 1
η2
(dη − ηa−1∂a) = − 1
η2
ω0, ∇ξα = duα
η
− uα
η2
(dη − ηa−1∂a) = duα
η
− uα
η2
ω0
Note that the dual basis for the basis {dzi, ω0, duα} is
∇zi =
∂
∂zi
+ a−1
∂a
∂zi
η
∂
∂η
,
∂
∂η
,
∂
∂uα
So making coordinate change,
ω = (1 + ǫPss)ωM +
n∑
α=2
n∑
β=2
a
(
Psδαβ + Pssa
u¯αuβ
|η|2
)(
1
η
duα − uα
η2
ω0
)
∧
(
1
η¯
du¯β − u¯β
η¯2
ω0
)
−
n∑
β=2
Pssa
2 uβ
|η|2
ω0
η2
∧
(
1
η¯
du¯β − u¯β
η¯2
ω0
)
−
n∑
α=2
Pssa
2 u¯α
|η|2
(
1
η
duα − uα
η2
ω0
)
∧ ω0
η¯2
+a(Ps + Pssa
1
|η|2 )
ω0 ∧ ω0
|η|4
= (1 + ǫPss)ωM +
n∑
α=2
n∑
β=2
(Psδαβ + Psss
u¯αuβ
1 + |u|2 )
s
1 + |u|2 duα ∧ du¯β
−
n∑
α=2
u¯αη
a(1 + |u|2)2 (Ps + Psss)s
2duα ∧ ω0 −
n∑
β=2
uβ η¯
a(1 + |u|2)2 (Ps + Psss)s
2ω0 ∧ du¯β (27)
+
1
a(1 + |u|2) (Ps + Psss)s
2ω0 ∧ ω0
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In the above calculation, we used many times the relation s = a|ξ|2 = a(1+|u|2)|η|2 .
Lemma 3. The closing condition for compact shrinking soliton is: there exists a b1 > 0, such that
F (b1) = 0, F
′(b1) = −1 (28)
Proof. Define s˜ = s−1 = |η|
2
a(1+|u|2) . Under the condition (28), then near b1, φr = F (φ) = −(φ −
b1) + O((φ − b1)2). So up to the main term, φ− b1 ∼ −C0e−r = −C0 1s = −C0s˜ for some C0 > 0,
(Pss)ss
2 = φss
2 ∼ C0, Psss2 = (Pss)ss− Pss = φss− φ ∼ −b1 + 2C0s = −b1 + 2C0s˜, . So we first
see that the coefficients in (27) are smooth near infinity divisor defined by η = 0 (or equivalently
s˜ = 0). We only need to show ω is positive definite everywhere. In fact, we only need to check
when s˜ = 0. When s˜ = 0, we have
ω = (1 + ǫb1)ωM +
n∑
α=2
n∑
β=2
(b1δαβ − b1 u¯αuβ
1 + |u|2 )
1
1 + |u|2 duα ∧ du¯β +
C0
a(1 + |u|2)ω0 ∧ ω0 (29)
So ω is positive definite. So it defines a smooth Ka¨hler metric on the projective compactification.
By (∗), this condition determines
b1 =
n+ 1
τ − nǫ =
n+ 1
λ
(30)
In fact, b1 is a cohomological constant. Indeed.
[ω] =
1
λ
c1(X) = [ωM ] +
n+ 1
λ
OX(1)
Note that D∞ =M × Pn, and
[ω]|D∞ = [ωM ] +
n+ 1
λ
(−L+OPn(1))
On the otherhand, by (29), we see that
[ω]|D∞ = (1 + ǫb1)[ωM ] + C0[OPn(1)]
Comparing the above expression and using c1(L) = −ǫ[ωM ], we get (30).
Since F (0) = 0, this condition is equivalent to
0 = F (b1)− F (0) =
∫ b1
0
h(φ)e−µφdφ = T (µ) (31)
T (0) =
∫ b1
0
h(φ)dφ =
∫ b1
0
(1 + ǫφ)dφn−1((τ − nǫ)φ− 1)
=
∫ b1
0
d∑
k=0
(
d
k
)
ǫk(λφk+n − φk+n−1)dφ
=
d∑
k=0
(
d
k
)
ǫkbk+n1
(
λb1
k + n+ 1
− n
k + n
)
=
d∑
k=0
(
d
k
)
ǫkbk+n1
k
(k + n+ 1)(k + n)
> 0
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On the other hand,
T (µ) =
1
µd+n+1
d+n∑
k=0
µd+n−k(h(k)(0)− h(k)(b1)e−µb1)
Since h(i)(0) = 0 for 0 ≤ i ≤ n− 2 and h(n−1)(0) = −n! < 0, and limµ→+∞ e−µb1 = 0. It’s easy to
see that T (µ) < 0 for µ sufficiently large. So there is a zero point for T (µ) on (0,∞). The uniqueness
is difficult to see directly, but because different solutions of (31) would give proportional vector
fields and hence proportional potential functions, by using Tian-Zhu’s invariant [11], we indeed
have the uniqueness.
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